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We present a self-gravitating, analytic and globally regular Skyrmion solution of the Einstein–Skyrme 
system with winding number w = ±1, in presence of a cosmological constant. The static spacetime 
metric is the direct product R × S3 and the Skyrmion is the self-gravitating generalization of the static 
hedgehog solution of Manton and Ruback with unit topological charge. This solution can be promoted 
to a dynamical one in which the spacetime is a cosmology of the Bianchi type-IX with time-dependent 
scale and squashing coeﬃcients. Remarkably, the Skyrme equations are still identically satisﬁed for all 
values of these parameters. Thus, the complete set of ﬁeld equations for the Einstein–Skyrme– system 
in the topological sector reduces to a pair of coupled, autonomous, nonlinear differential equations 
for the scale factor and a squashing coeﬃcient. These equations admit analytic bouncing cosmological 
solutions in which the universe contracts to a minimum non-vanishing size, and then expands. A non-
trivial byproduct of this solution is that a minor modiﬁcation of the construction gives rise to a family 
of stationary, regular conﬁgurations in General Relativity with negative cosmological constant supported 
by an SU(2) nonlinear sigma model. These solutions represent traversable AdS wormholes with NUT 
parameter in which the only “exotic matter” required for their construction is a negative cosmological 
constant.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The Skyrme model [1] provides a useful description of nuclear 
and particle physics in the low energy regime of QCD [2]. It allows 
the existence of a particular class of solitons – Skyrmions – which 
represent Fermionic states in spite of the fact that the basic ﬁelds 
have spin zero. Skyrmions describe nucleons both theoretically and 
phenomenologically, where the identiﬁcation of the winding num-
ber of the Skyrmion and the baryon number of particle physics 
is an essential observation [2] (see, e.g. [3–5]). The possibility of 
treating the Skyrmions as fermions has been recently extended 
to curved spaces as well [6,7]. Following [8], spherically symmet-
ric black-hole solutions with a nontrivial Skyrme ﬁeld – Skyrme 
“hair” – were found numerically in [9]. These are the ﬁrst genuine 
counterexamples to the “no-hair” conjecture; they are stable [10]
in contrast with other “hairy” examples as the colored black holes 
(see e.g., [11] for a review). Their regular particle-like counterparts 
[12] and their dynamical properties have also been investigated 
numerically in [13].
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SCOAP3.It would be very interesting and useful to go beyond numerical 
approximations in order to have explicit examples of analytic self-
gravitating Skyrmions, that is, exact solutions on a spacetime that 
consistently solves the Einstein equations with the stress-energy 
tensor of the Skyrmion as the source. In particular, its time evo-
lution would help to understand the gravitational consequences of 
having a discrete topological charge and the fact that these ob-
jects have a characteristic size. Unfortunately, there is no known 
analytic example of a four-dimensional self-gravitating conﬁgura-
tion with non-vanishing topological charge. In fact, ﬁnding analytic 
spherically symmetric Skyrmion solutions even without consider-
ing their back-reaction to gravity is a highly non-trivial task [5]. 
The situation becomes even more diﬃcult for the Einstein–Skyrme 
system and the search for analytic self-gravitating solutions with 
non-trivial topological charge may seem to be a problem beyond 
reach.
Here we show how to construct a self-gravitating Skyrmion in 
presence of a cosmological constant. This seems to be the ﬁrst an-
alytic solution of the Einstein–Skyrme system with nonvanishing 
winding number. In the static case, the spacetime metric is the 
Cartesian product R × S3 for the time direction and the spatial 
slices, respectively.
The solution can be additionally promoted to a time-dependent 
one: a dynamical universe containing a self-gravitating Skyrmion.  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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contracts down to a nonvanishing minimum size, determined by 
the Skyrmion scale, and then expands again. A similar construction 
also gives rise to a family of exact stationary, regular conﬁgura-
tions in General Relativity supported by the SU(2) nonlinear sigma 
model with negative cosmological constant. This is a topologically 
non-trivial solution representing a traversable wormhole with NUT 
parameter. The only “exotic matter” that violates the energy condi-
tions needed to construct such wormholes is the negative cosmo-
logical constant.
2. The self-gravitating Skyrmion
We are interested in self-gravitating Skyrmions for the SU(2)
group described by the action
I[g,U ] =
∫
d4x
√−g
(
R − 2
2κ
+ K
4
Tr[AμAμ + λ
8
Fμν F
μν ]
)
. (1)
Here Aμ is a shorthand for U−1∇μU , with U ∈ SU(2) and Fμν =[
Aμ, Aν
]
; Aμ = A jμt j where t j = −iσ j are the SU(2) generators 
and σ j are the Pauli matrices. In our conventions c = h¯ = 1, the 
spacetime signature is (−, +, +, +) and Greek indices run over 
spacetime. Moreover, R is the Ricci scalar,  is the cosmological 
constant, κ the gravitational constant, while phenomenology de-
termines the positive Skyrme coupling constants K and λ [4].
The Skyrme and Einstein equations read
∇μAμ + λ
4
∇μ[Aν, Fμν ] = 0, (2a)
Gμν + gμν = κTμν, (2b)
where Gμν is the Einstein tensor and the Skyrme energy–momen-
tum tensor is deﬁned by
Tμν = − K
2
Tr
[
AμAν − 1
2
gμν A
α Aα
+ λ
4
(
gαβ Fμα Fνβ − 1
4
gμν Fαβ F
αβ
)]
. (3)
We adopt the standard parametrization of the SU(2)-valued 
scalar U (xμ) [16], as
U±1(xμ) = Y 0(xμ)I ± Y i(xμ)ti,
(
Y 0
)2 + Y iYi = 1, (4)
where I is the 2 × 2 identity matrix. The unit vector Y A = (Y 0, Y i)
that deﬁnes the embedded three sphere, which is naturally given 
by
Y 0 = cosα, Y i = ni sinα, (5a)
n1 = sin	 cos
, n2 = sin	 sin
, n3 = cos	. (5b)
The spacetime geometry for the static solutions of the coupled 
system (2) is the product R × S3,
ds2 = −dt2 + ρ
2
0
4
[
(dγ + cos θdϕ)2 + dθ2 + sin2 θdϕ2
]
, (6)
where 0 ≤ γ ≤ 2π , 0 ≤ θ ≤ π , 0 ≤ ϕ ≤ 2π are the coordinates on 
the 3-sphere and the constant ρ0 is the radius. With this informa-
tion one can solve (2a) for α, 	 and 
 as functions of γ , θ and ϕ . 
It can be directly checked that the conﬁguration
 = γ + ϕ
2
, tan	 = cot
(
θ
2
)
cos
(
γ−ϕ
2
) , tanα =
√
1+ tan2 	
tan
(
γ−ϕ
2
) , (7)
identically satisﬁes the Skyrme ﬁeld equations (2a) on the back-
ground metric (6). This was already noted long ago by Manton and 
Ruback [14] (see also [15]). Those authors, however, did not at-
tempt the construction of a consistent solution taking into account 
the back-reaction of the Skyrmion on the geometry. In order to do 
that, one should solve the Einstein equations (2b) with the stress-
energy tensor (3) generated by the Skyrmion U of the form (4), 
(5), (7). The only nonvanishing components of T νμ are
T tt = −
3K (λ + ρ20 )
2ρ40
, T γγ = T θθ = T ϕϕ =
K (λ − ρ20 )
2ρ40
. (8)
It can be observed that although the solution U explicitly depends 
on the angles γ , θ and ϕ , its energy–momentum tensor does 
not, which means that the Skyrmion respects spherical symme-
try and therefore the back reaction need not upset the isometries 
of the background geometry (6). Solving Einstein’s equations with 
the energy–momentum tensor (8) algebraically ﬁxes the radius of 
the three-dimensional sphere and the Skyrme coupling constant in 
terms of the remaining coupling constants by the conditions
ρ20 =
3 (2− κK )
4
, λ = 3 (2− κK )
2
8κK
, (9)
which requires (2 −κK ) > 0. Hence, the metric (6) together with 
the static Skyrmion (4), (5) and (7) deﬁne a self-consistent solution 
of the full Einstein–Skyrme system (2) provided the conditions (9)
are satisﬁed. This solution is the self-gravitating generalization of 
the Skyrmions in [14]. Our result can also be seen as a general-
ization of the hedgehog ansatz discussed in [16], that allows for 
the construction of exact multi-Skyrmion conﬁgurations composed 
by elementary spherically symmetric Skyrmions with non-trivial 
winding number in four-dimensions [17].
On any three-dimensional constant time hypersurface, the 
winding number for the conﬁguration is
w = −1
24π2
∫
Tr[ i jk Ai A j Ak] = +1, (10)
which implies that this Skyrmion cannot be continuously deformed 
to the trivial vacuum (U = 1) [5].
The above static Skyrmion can be promoted to a time-depen-
dent solution in which the spacetime is a cosmology of the Bianchi 
type-IX, described by the metric
ds2 = −dt2
+ ρ
2(t)
4
[
a2(t)(dγ + cos θdϕ)2 + dθ2 + sin2 θdϕ2
]
, (11)
where ρ(t) is a global scale factor and a(t) is a squashing coeﬃ-
cient. The Skyrmion has the form (4) with Y 0 and Y i also given 
by (5). Remarkably, as one can check directly by hand, if the func-
tions α, 	 and 
 are again chosen as in the ansatz (7), then the 
Skyrme ﬁeld equations (2a) are still identically satisﬁed but now 
on the more general background (11).
The technical reason why this happens is that the scale fac-
tor ρ and the squashing parameter a only depend on time, while 
the Skyrme ansatz depends on the spatial coordinates only. This 
surprising result is actually consistent with an ansatz for the 
Skyrmion in which the full Skyrme system is consistently reduced 
to a single scalar equation for the proﬁle [16]. One can easily see 
that ρ(t) and a(t) respect the conditions in [16] to produce this 
ansatz. This is easier to see in the parametrization chosen in Eq. (7)
than in the standard parametrization used in [14].
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charge +1. The energy–momentum tensor is compatible with the 
Bianchi IX metric, as the only non-vanishing components are
T tt = −
K (a2v + u)
2ρ4a2
, T γϕ = K (1− a
2)(λ + ρ2) cos θ
ρ4a2
,
T γγ = − K (a
2v − u)
2ρ4a2
, T θθ = T ϕϕ =
K (λa2 − ρ2)
2ρ4a2
, (12)
where u = 2λ + ρ2 and v = λ + 2ρ2. Direct computation reveals 
that the full Einstein–Skyrme system (2) reduces then to the fol-
lowing three equations for a and ρ
2aρ2(2ρa˙ + 3aρ˙)ρ˙ − 2a2ρ2(ρ2 + a2 − 4)
− κK [(2ρ2 + λ)a2 + ρ2 + 2λ] = 0, (13a)
2a2ρ2(2ρρ¨ + ρ˙2) − 2a2ρ2(ρ2 + 3a2 − 4)
− κK [(2ρ2 + λ)a2 − ρ2 − 2λ] = 0, (13b)
aρ3(ρa¨ + 3ρ˙a˙) + (a2 − 1)[κK (λ + ρ2) + 4a2ρ2] = 0, (13c)
which correspond to the t − t , the γ − γ and ϕ − γ components 
of the Einstein equations. It can be easily checked that the remain-
ing equations are not linearly independent and that Eq. (13a) is 
consistent with Eqs. (13b) and (13c).
Although the full analysis of this system lies well beyond the 
scope of this paper, we will exhibit one consistent subfamily of 
cosmologies deﬁned by ﬁxing a2 = 1, in which case (13c) is iden-
tically satisﬁed, while (13a) and (13b) reduce to
ρ˙2 = 
3
ρ2 + λκK
2ρ2
+ κK − 2
2
, (14)
ρ¨ = 
3
ρ − λκK
2ρ3
. (15)
Eq. (14) is a ﬁrst integral of (15) and therefore the Einstein–Skyrme 
system reduces to an effective one-dimensional Newtonian prob-
lem for ρ(t), with ﬁxed “total energy” E = (κK − 2)/4. It can be 
observed that in order to admit a static solution ρ = ρ0, the pa-
rameters of the system must obey (9). The qualitative behavior of 
the solution can be seen from the effective potential for the dy-
namical system,
V = −
6
ρ2 − λκK
4ρ2
. (16)
This potential is negative, unbounded below and approaches −∞
both for ρ2 → 0 and ρ2 → ∞. The maximum of V corresponds 
to the saturating energy E = (κK − 2)/4 < 0. Below this energy, 
there are two possible scenarios for ρ(t): an expansion from ρ = 0
to a maximum ρ = ρmax , and back to ρ = 0. The second starts 
from ρ = ∞, bouncing at some minimal ρmin > 0 and then an 
accelerated expansion back to ρ = ∞. The turning points ρ∗ =
{ρmin, ρmax} are determined by the parameters in the action,
ρ2∗ =
3
4
(
2− κK ±
√
(2− κK )2 − 8λKκ
3
)
. (17)
These bouncing solutions occur within the range of parameters 
that ensures a reasonable cosmological evolution for the Skyrme 
model. The constraints were numerically determined in [18] for 
vanishing winding number w where no bouncing was found, 
which suggests that the bouncing may be due to the presence of a 
soliton with nontrivial topological charge.3. AdS traversable wormholes
In the special limit λ = 0 the system reduces to the nonlinear 
sigma model. The nonlinear sigma model is an important non-
linear ﬁeld theory with applications to a wide range of phenom-
ena, from quantum ﬁeld theory to statistical mechanics systems 
like quantum magnetism, the quantum hall effect, super ﬂuid 3He, 
and string theory [5]. The most relevant application in particle 
physics is the SU(2) non-linear sigma model for the description 
of the low-energy dynamics of Pions in 3 + 1 dimensions (see for 
a detailed review [19]).
Redeﬁning γ as a time coordinate τ and t as a spatial coor-
dinate z, the previous conﬁguration gives rise to new stationary 
solutions
ds2 = ρ
2
4
(z)
[
−Q 2(dτ + cos θdϕ)2 + (dθ2 + sin2 θdϕ2)
]
+ dz2, (18)
with NUT parameter Q . The solution is single-valued provided the 
NUT parameter is an even integer, |Q | = 2N , and 0 ≤ τ ≤ 2πN
[20]. It can be directly checked that in any background of the form 
(18), the conﬁguration deﬁned in (5) and (7) with γ substituted by 
τ identically satisﬁes the ﬁeld equations for the non-linear sigma 
model. The corresponding energy–momentum tensor,
T ττ = −
K (2Q 2 + 1)
2Q 2ρ2
, T zz = −
K
(
2Q 2 − 1)
2Q 2ρ2
,
T θθ = T ϕϕ =
K
2Q 2ρ2
, T τϕ = −
K
(
Q 2 + 1)
Q 2ρ2
cos θ, (19)
has positive energy density. In fact, the full T νμ of the nonlinear 
sigma model satisﬁes both the null and the weak energy condi-
tions [21]. It should be noted that the present conﬁguration of 
the non-linear sigma model can be seen as a topologically non-
trivial generalization of the so-called boson stars ansatz for complex 
scalar ﬁelds [22], which are time-dependent and yet their stress-
energy tensor is time-independent so that they can naturally live 
in a stationary spacetime background. The conﬁguration deﬁned in 
(5) and (7) with γ substituted by τ depends explicitly on τ and, 
nevertheless, the corresponding energy–momentum tensor (19) is 
compatible with a stationary metric. It can be directly checked that 
the Einstein equations are satisﬁed provided  < 0,
ρ(z) =
√
3(κK − 8)
4|| cosh
( ||1/2√
3
z
)
, (20)
and Q 2 = κK4 . This solution corresponds to a sector in the param-
eter space of the action (1) characterized by λ = 0, κK > 8,  < 0, 
which is not overlapping with the sector of the theory that admits 
the Skyrmion solutions (λ > 0, κK < 2,  > 0).
The stationary geometries (18) describe wormholes with NUT 
parameter in General Relativity with negative cosmological con-
stant and the nonlinear sigma model as source. These wormholes 
have asymptotic NUT-AdS regions for z → ±∞ connected by a 
throat at z = 0. The geometry is locally regular and has no cur-
vature singularities but, as it is well known, in the presence of 
a NUT parameter the causal structure includes closed time-like 
curves [20]. It has been recently shown, however, that space–times 
with NUT parameter can be deﬁned as geodesically complete even 
without periodic time and no closed causal geodesics [24]. This 
means that it might be possible to avoid some longstanding ob-
structions to accept the Taub-NUT solution as physically relevant.
These wormholes are also traversable in the sense that there 
exist timelike geodesics that connect both sides of the throat [23]. 
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deed, consider the radial a time-like geodesic (parametrized by s) 
whose effective Lagrangian is
Leff = gμν(q)q˙μq˙ν, qμ = (τ (s), z(s),0,0), q˙μ = ddsq
μ.
The system has two integrals of motion: the Lagrangian itself and 
the Noether charge associated with the Killing vector ∂τ ,
gμν q˙
μq˙ν = −I2 , ∂s
[
∂Leff
∂τ˙
]
= 0 ⇒ ∂Leff
∂τ˙
= E.
With the above integrals of motion and after simple manipulations, 
the radial (z) geodesic becomes(
dz
ds
)2
− E
2
Q 2ρ2(z)
= −I2,
where ρ is given in (20), can be analytically integrated. Hence, the 
radial geodesics describe a bounded periodic motion around z = 0
within an attractive effective potential. For small I2 the geodesics 
enter deeply into the positive-z and negative-z regions. Conse-
quently, the above wormholes are traversable. The fact that the 
orbits are bounded is a consequence of the negative cosmological 
constant, the only “exotic matter” needed to support these worm-
holes.
According to standard no-go theorems there can be no station-
ary traversable wormholes in four-dimensional general relativity 
minimally coupled with physical non-exotic sources [23,25]. Hence, 
the existence of wormholes requires either the well-known viola-
tions of the energy conditions, or that the source itself should be 
non-stationary. The boson star-like ansatz for the non-linear sigma 
model presented here, is τ -dependent and therefore fulﬁlls the re-
quirement, while the corresponding energy–momentum tensor is 
still compatible with a stationary metric.
4. Conclusions and perspectives
The solution presented above seems to be the ﬁrst self-
gravitating Skyrmion, an analytic, globally regular solution of 
the four-dimensional Einstein–Skyrme with winding number 1. 
The static space–time metric is the Cartesian product of R (for 
the time-like direction) times S3 for the space-like slices. The 
Skyrmion is constructed using the generalized hedgehog ansatz 
with a non-trivial proﬁle. This solution can be further promoted 
to a dynamical Bianchi IX cosmological solution with two inde-
pendent scale factors while the Skyrme ﬁeld equations are self-
consistently satisﬁed using the generalized hedgehog ansatz with 
winding number 1. In this sector, the complete ﬁeld equations 
of the four-dimensional Einstein–Skyrme system consistently re-
duce to a pair of autonomous differential equations for the two 
scale factors which encodes the presence of a conserved topologi-
cal charge. The resulting cosmologies include bouncing solutions in 
which the scale factor contracts to a minimal non-vanishing size 
and then expands again. Other solutions are Big-Bang cosmologies 
with a maximal expansion and a ﬁnal big crunch.
Using a similar technique, an exact static traversable Lorentzian 
wormhole in four-dimensional Einstein theory, minimally coupled 
to the nonlinear sigma model with a negative cosmological con-
stant was found. There is no “exotic matter” (as a negative cos-
mological constant can hardly be considered exotic) and yet this 
wormhole is traversable, Lorentzian and built purely with ingre-
dients arising in standard particle physics and with  < 0. The 
ansatz for the nonlinear sigma model is everywhere regular, de-
pends explicitly on time, circumventing Derrick’s theorem; how-
ever, the dependence is such that its energy–momentum tensor is 
compatible with a stationary metric.The present work can be seen as an investigation in the frame-
work of the so-called scalar–tensor theories [26], in which one or 
more scalar ﬁelds are included in the action to account for some 
modiﬁcations to pure gravity. This may be useful in cosmological 
scenarios [27], or to describe the dynamics of dense astrophysical 
objects such as neutron stars or, more generally hadronic matter 
stars, including supernovae near the collapse into black holes [28]. 
The standard approach is to start from a given spacetime back-
ground and try to ﬁnd solutions for the matter ﬁeld in it, possibly 
including some adjustments.
Our strategy here is the converse: we start with a topologically 
stable highly symmetric matter conﬁguration, a solitonic state of 
the Skyrme theory or sigma model, and then look for the geometry 
which can support it. In fact, one could have applied this approach 
to ﬁnd the Reisner–Nordstrom (RN) solution by ﬁrst identifying 
the static, spherically symmetric solution of Maxwell’s equations 
(A = qr−1dt) and then ﬁnd the geometry where this solution can 
be accommodated; the answer is, of course, the RN black hole. In 
the present case, one can appreciate that the matter conﬁguration 
is nontrivial because of the underlying SU(2) symmetry, which in 
turn requires three scalar ﬁelds in order to have a nontrivial map-
ping into the spatial section of spacetime, so that one or two scalar 
ﬁelds would have been insuﬃcient. Another peculiarity of the so-
lution is that the Skyrmion is not a perturbative probe covering 
the spacetime that could be switched off. This is highlighted by 
the fact that the Skyrmion has nonvanishing winding number.
Interesting issues worth further investigation, including the role 
of the topological charge in the bouncing cosmologies, the stability 
of the full dynamical system (13), and the global causal struc-
ture of the wormhole solutions, will be discussed in a forthcoming 
work [29].
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